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ABSTRACT: In recent work [fl, B], the energy-momentum tensor for the ' = 4 SYM fluid
was computed up to second derivative terms using holographic methods. The aim of this
note is to propose an entropy current (accurate up to second derivative terms) consistent
with this energy-momentum tensor and to explicate its relation with the existing theories
of relativistic hydrodynamics. In order to achieve this, we first develop a Weyl-covariant
formalism which simplifies the study of conformal hydrodynamics. This naturally leads us
to a proposal for the entropy current of an arbitrary conformal fluid in any spacetime (with
d > 3). In particular, this proposal translates into a definite expression for the entropy
flux in the case of N' =4 SYM fluid. We conclude this note by comparing the formalism
presented here with the conventional Israel-Stewart formalism.
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1. Introduction

Many relativistic field theories admit a hydrodynamic description as a low energy ap-

1

proximation.” Relativistic hydrodynamics, in particular, plays an important role in our

understanding of various astrophysical phenomena and it appears to be a good description
of the physics in the case of heavy-ion collisions at appropriate regimes.?

In this case, the relativistic hydrodynamics relevant for heavy-ion collisions should
emerge as an approximation to a strongly coupled field theory - the Quantum Chromo-
dynamics(QCD). One way to develop insight regarding the emergence of hydrodynamic
behavior in such a strongly coupled theory is to study the hydrodynamic limit of various
other toy models which are strongly coupled and which somewhat resemble QCD. One
such simple model is the N' = 4 SYM theory which is simpler than QCD because of its

super-conformal nature.

In general, hydrodynamics is a valid description of a system when the ratio of mean free path to the
length/time scale at consideration (i.e., the Knudsen number) is small and when the system is in local
thermal equilibrium to a good approximation.

2See for example,[ﬂfﬂ] and references therein.



Further, N' = 4 SYM has been conjectured to be dual to II B string theory in the
AdS;xS® background. This duality is called the AdS/CFT correspondence(See [§—[L0]
for a review). If we work in a supergravity approximation, the AdS/CFT correspondence
relates the thermodynamics of blackholes in the AdS5 background to the thermodynamics
of a gauge theory in an appropriate limit. This correspondence has been used extensively
to understand AN/ = 4 SYM hydrodynamics - including a holographic derivation of the
viscosity and more recently, a derivation of various non-linear response coefficients.

AdS/CFT correspondence is the most well-known example of a more general gauge-
gravity duality which conjectures a gravity dual for many gauge theories which need not
necessarily be superconformal. Given that we are interested in the low-energy hydrody-
namics limit that is dual to AdS gravity, many statements made in this paper can be
generalized to hydrodynamics of any such field theory which is dual to general relativity
in asymptotically AdS spacetimes.? In particular, all statements we make about the hy-
drodynamic description of N' =4 SYM will hold true for any four-dimensional conformal
field theory with an AdS gravity dual.?

The energy-momentum tensor of N' =4 SYM fluid (accurate up to second derivatives
of velocity) is now known via holographic methods [}, f. In the notation of this paper® ,

™ =p (g" + dutu”) + 7 (1.1)
™ = —2p [U’W — 7n UMD 4 1, (W a0 + w”AU’\”)] (1.2)
N
+e, |:O_M)\O,)\I/ _ Uaﬁaaﬁ _ gccualfﬁuauﬁ (1.3)
with
N2 N?

p= 8—7:2(777)4 D= g5 (vT)?; (1.4)

2—1n2 In2 4n

= ; = — o = = — . 1

where p is the pressure of the fluid,7 its temperature, u* its four-velocity and n its shear
viscosity. The second equation is the constitutive relation that relates the visco-elastic
stress 7" to the shear strain rate o*¥ and vorticity w"’. 7,7,,&, and &- are the non-
linear response coefficients.

In this paper, we propose an entropy current consistent with the energy-momentum
tensor above -
[(I0.2)0" 0 + WM w0 | Ut 2, (GHY + FHA) + 6D, w™

8(wT)?

with  7TD,J§ = 2not”o,, > 0. (1.6)

JY = 4y |ut —

Note that the above expression, reduces in the appropriate limit to the holographic result
J} = 4mnu? of Kovtun, Son and Starinets [[L5).

3There is now a vast literature on hydrodynamic models arising from holography and their applications
to heavy ion collisions. A non-exhaustive list of references include [E7E7 ﬂ7 E, @, @] .

4The author wishes to thank Shiraz Minwalla for pointing this out.

5See appendix(ﬂ) for a summary of notation used in this paper.



The plan of the paper is as follows - In section P, we introduce a manifestly Weyl-
covariant derivative especially suited to the study of conformal fluids and list the various
conformal observables that occur in fluid mechanics. Since, we are interested in conformal
fluids on arbitrary spacetimes, in section section J we describe in some detail the various
curvature related observables that occur in conformal hydrodynamics. This is followed by
the section section [, where the equations of fluid mechanics are formulated in a conformally
covariant way. We end section [] by writing down the derivative expansion for a conformal
fluid exact up to second derivative terms.

Next, we proceed in section section ff] to find a derivative expansion of the local entropy
current for a conformal fluid which obeys the second law of thermodynamics. We make a
proposal for the entropy current of a conformal fluid living in arbitrary spacetimes (with
d > 3). Next,in section section [, we turn to the specific case of N' =4 SYM and find the
corresponding expression for the entropy flux.

This is followed by the section section [f] where we compare the method adopted in
this paper with the existing theories of relativistic hydrodynamics. In the final section,
we discuss future directions and conclude. In appendix (@) , we prove some very useful
identities that were used in the body of the paper. This is followed by appendix ([§) where
we discuss the various terms that can in principle occur in the energy-momentum tensor
of a conformal fluid. Finally, appendix ([J) has a summary of notation used in this paper.

2. Conformal observables in hydrodynamics

In the following section, we first introduce a manifestly Weyl-covariant formalism which is
especially suited to the study of conformal fluids. This is followed by a brief discussion on
the various conformal observables in fluid mechanics.

Consider a conformal fluid in d > 3 dimensions. We seek the Weyl transformations of
various observables of such a fluid. To this end, consider a conformal transformation which
replaces the old metric g, with g, given by

Guv = ezd)g;w? guy = e_2¢§wj (2'1)

The Christoffel symbols transform as(See, for example, appendix (D) of [B6])
T =T + 0506 + 05000 — G3,u§"" O h (2:2)

Let u* be the four-velocity describing the fluid motion. Using g, uu” = g, atu” =
—1, we get u* = e~ %t It follows that the projection tensor transforms as P* = g +
utu’ = e 22 P The transformation of the covariant derivative of u* is given by

Vuu” = ouu” + PH,\”u)‘

_ (2.3)
— <O [V, + 80,6 — G5 Ds )



The above equation can be used to derive the transformation of various related quan-
tities

¥ =V,ut=e? [19 + (d—1)a’ 0(4 ;

a’ = u'Vu’ = e 2 [d” + lg'magqb] ; (2.4)
9 -
-AV =ay — ﬁuu = -Au + al/¢
We define a Weyl covariant derivative® D such that, if a tensorial quantity Q4" obeys
QU = e "Qy , then Dy QU = e™“?DyQy. where

Dy QL =Vy Qb +w QL + [gra At — 4 A — SEA] Q0 + ..

2.5
— [ga AT — 65 A, — 60 AN QL — .. (25)

Note that the above covariant derivative is metric compatible (Dyg,, = 0).

Using the Weyl covariant derivative, the fluid mechanics can be cast into a manifestly
conformal language. In order to make contact with the conventional fluid dynamics, we
give below some commonly occurring observables in both the notations - the advantages
of the manifestly conformal notation is self-evident.

Dyu” =V, u” 4+ uya” — P/ =0/ +w, = e_¢DMﬂ”,

d—1
1 1 1
o = 3 (P“)‘VAuV + PV’\V,\u“) ~71 119P’“’ =3 (DPu” + DY ut) = e 73261, (2.6)
1 1 ~
wt = 3 <P“)‘V)\u” - P”’\V,\u“) =3 (DHu” — DYuM) = e 395,

In order to study fluid dynamics up to second derivative terms, we will need the
expressions involving second derivatives of fluid velocity.
D,D,u* = D,o, + Dyw, = ¢ D, D, i (2.7)
Dyoy = Vo + Arou + Auory + Avouy — gunA%0an — gnA“o e = ed’DA&W
Dywuw = Vaww + Ayw + Aywny + Avwpn — gun A% war — guaA“wpa = eqb'D)\(:u“,,

Apart from the fluid velocity u* introduced above, a conformal fluid is characterized
by its temperature 7 and various chemical potentials y; associated with different conserved

SMore precisely, what we are doing here is to use the additional mathematical structure provided by a
fluid background (namely a unit time-like vector field with conformal weight w = 1) to define what is known
as a Weyl connection over (M,C) where M is the spacetime manifold with the conformal class of metrics
C . A torsionless connection V¥ is called a Weyl connection(see for example, [E] and references therein)
if for every metric in the conformal class C there exists a one form A, such that Vﬁeylgw = 24,00 -
Having a fluid over the manifold provides us a natural one form A, (see below), which can in turn be used
to define a Weyl connection. The ‘prolonged’ covariant derivative D that we use in this paper is related
to this Weyl connection via the relation D, = V' + wA, . In terms of this covariant derivative, the
condition for Weyl connection is just the statement of metric compatibility(Dxgu, = 0) and the one-form
A, is uniquely determined by requiring that the covariant derivative of u* be transverse (uADAu“ =0) and
traceless (Dau = 0).



charges(where i = 1,..., k denotes the various charge currents). Under the AdS/CFT cor-
respondence, these thermodynamic quantities can be directly related to the thermodynamic
properties of black holes in the AdS backgrounds.

The Weyl transformation of the temperature and the chemical potentials can be written
as T = e~ 7 and Wi = e_¢ﬂi . Further, we can define v; = p;/7 = v; . It is straightforward
to write down the conformal observables involving no more than second derivatives of the
temperature and the chemical potentials.

D,v; =V, v = ﬁuﬂiv
DT = (Vy+A)T =e*D,T
D\Dovi = VaVoli + A\Vori + AsVavi — gro A*Var; = DyDyi;
D\DyT = V\V,T +2A\V,;T +2A,V\T — g0 A*V T X
X d+T [VaAs +3A As — gro A% AL

(2.8)

= e *D\D,T

Fortunately, we rarely have to deal with the above quantities in their entirety. Often,
only specific projections of the above quantities are required. We list below some common
fluid mechanical observables which involve second derivative of the fluid velocity -

DAUW\ = (V)‘ —(d— 1)AA> T\ = e¢ﬁA5'u)\

Dy = (V7 = (d = 3)4") wun = P D0,

U,)\D)\O'M,, = u)‘V)\O',W + T 10w u A%y — Uy A%0 oy = ff‘ﬁ;ﬁw
0,
= P,"P,’u*Dyo0p = P, P, utV 045 + T
A A v «a «a ~AN. ~,
U Dywp = u Vwu + mww — Uy A%way + Uy A%Way = U D0y (2.9)
Y
= P,"P,’u’Dywap = P2 P, u?Vywags + W
9 ~
uWDyop = u'V o + ﬁcr)\,, —UurA“0qy = W' D)rG

= —(Dyu")ou = =0\ o —wiow
) o Cun -
ﬁw)\,, — urA%wa, = W'Dr&

= _(D)\uu)wuu = _O'A“w,uzx - W)\'uw,uzx

WD \wu = u'Vawy, —

All observables in conformal hydrodynamics (that is accurate up to second derivative
terms) can be written in terms of the following quantities -

Vi, Ta uuv g,u,lh 6;1,1/...0
DuVia DuTa Ouvs Wuvs
Dy\Dyv;, D\D,T, ~7'—;w = v,uAu - VVAW DAUuw DAwum

o
,unu)\

(2.10)



where R ,,0“ is the curvature tensor associated with the Weyl-covariant derivative D) (See
equation(B.1) in the next section).

3. The Curvature tensors

To complete the classification of the various tensors that can be constructed at the second
derivative level, we need to study the curvature tensors that appear via the commutators
of two covariant derivatives. Hence, in this section, we consider in some detail the various
curvature related observables in conformal hydrodynamics. In addition, we use this section
to establish the notation for the various curvature tensors that appear in this paper.

We can define a curvature associated with the Weyl-covariant derivative by the usual
procedure of evaluating the commutator between two covariant derivatives. The standard
formalism goes through except for some subtleties we mention below. For a covariant

vector field V, = e_“’d’VM , we get

[0 DoV = w Fruy Vo — Run® Ve with
Fop = VA, — VoA,
Run® = Run® + Vi [0 A” — 65 A, — 65 AL] =V, [ga, A% — 05A, — 65 A,
+ [onA? = 834, = 50.AL] g5 A” — 554, — 03 A5)

(3.1)

— [0d® = 53 A — 53] g A™ — 55.A, — 55 A

where we have introduced two new Weyl-invariant tensors F,, = f“,, and R0\ = ﬁw A
The generalization to arbitrary tensors is straightforward.”

The above expression for R, ,* can be rewritten in the form

A2
R;w)\a = R;w)\a + 5[0,191/][)\55} <va-'45 + AaAﬁ - 79056) - }—uug)\a (33)
where B[W] = B, — By, indicates antisymmetrisation. We can write down similar expres-

sions involving Ricci tensor, Ricci scalar and Einstein tensor.
R,UJ/ = Rual/a = R“V — (d - 2) (v“Ay + A“Ay - Azg“y) - g“yv)\AA - -/Tzu,y == ﬁul/ (34)
R=Ra*=R—2d—1)VyA + (d—2)(d — 1)A? = e 2R
R d—3

"As is evident from the notation above, we use calligraphic alphabets to denote the Weyl-covariant
counterparts of the usual curvature tensors. Our notation for the usual Riemann tensor is defined by the
relation

V., Vo]V = R0 VO, (3.2)



These curvature tensors obey various Bianchi identities®
Ryun + Rafun)™ = 0
,DAf,uu + D[ufu})\ =0 (3.5)
DyRywa” + DpRupa” =0
and various reduced Bianchi identities’
Riyw) = Ruva™ = —d Fuy
'D[MRV])\ + 'DURM,,)\U =0 (3.6)
Dy (9" + F2) =0

The tensor R, s does not have the same symmetry properties as that of the usual
Riemann tensor. For example,

Ruvre + Ruvor = =2 Fuwgro
Ruvre — Raouw = 67,9, [A5f Fap — Fuv9re + FarocGuv (3.7)
RuawgVoVP = RyausVoVP = —F,, VoV,
The conformal tensors of the underlying spacetime manifold appear in the above for-
malism as a subset of conformal observeables in hydrodynamics. These conformal tensors

are the Weyl-covariant tensors that are independent of the background fluid velocity. The
Weyl curvature Cy, 5, is a well-known example of a conformal tensor. We have(for d > 3)

C,uu)\o = ,un,u)\o + 6&91/] [)\55} Saﬁ = C,uz/)\cr - fuug)\o = e2¢5/u/)\0 (38)

where the Schouten tensor S, is defined as!o

— 1 ng/ o .A2 f/u/ o

From equation (B.§), it is clear that Cuvre = Cuvre + Fuwgio is clearly a conformal
tensor. Such an analysis can in principle be repeated for the other known conformal tensors
in arbitrary dimensions.

The Weyl Tensor C),, s has the same symmetry properties as that of Riemann Tensor

R;w)\o .

C,uz/)\cr = _Cu,u)\o = _C,uucr)\ = C)\cr,uz/

(3.11)
and Cran® =0

8These identities can be derived from the Jacobi identity for the covariant derivative - D, [Duy, Da] +
[DM [DWDV” =0

9These identities are obtained from the Bianchi identities by contractions.

190ften in the study of conformal tensors , it is useful to rewrite other curvature tensors in terms of the
Schouten and the Weyl curvature tensors

Ruqu = Cuuko - 5&91/]955]&%/37 R = 2(d - 1)8AA

(3.9)
Ruv = (d=2)Su + S>\)\9LLV7 Guv = (d—=2)(Spv — S/\)\gw)



From which it follows that Cuw,ﬁuauﬁ is a symmetric traceless and transverse tensor - a fact
which will turn out to be important later in our discussion of conformal hydrodynamics.

4. Conformal hydrodynamics

In this section, we reformulate the fundamental equations of fluid mechanics in a Weyl-
covariant form. The basic equations of fluid mechanics are the conservation of energy-
momentum and various other charges -

VvV, " =0 and VJt =0 (4.1)

But, these equations are not manifestly Weyl-covariant. To cast them into a manifestly
Weyl-covariant form, we need the transformation of the stress tensor and the currents -
T = (DO 4 and JH = e~ wo JH respectively (where ... denotes the contributions
due to the Weyl anomaly T*y = W. The Weyl Anomaly W only on the microscopic field
content and the ambient spacetime in which the conformal fluid lives.). Then, we can

tll

impose a manifestly Weyl covariant™" set of equations

DT =V, T" + A (T", = W) =0

4.2
Dyt = VI 4 (w — d) A, J" =0 “2)

These equations coincide with ([L)) provided T+ is a traceless tensor of conformal weight
d + 2 apart from the anomalous contribution and the conformal weight w of the conserved
current is equal to the number of dimensions of the spacetime. The second condition is
same as requiring that the charge associated with the charge currents be a dimensionless
scalar.

The entropy current .J éf of the fluid also has a conformal weight equal to the spacetime
dimensions. This means that we can write the statement of the second law in a manifestly
conformal way as

D,J§ =V,J§ >0 (4.3)

Similarly, the first law of thermodynamics 7u*Vys = (d — 1)u*Vp — p;u*Vp; can be
written in a conformal form

Tu Dys = (d— l)u)‘DAp — i Dyp; (4.4)

" The Weyl transformation of the stress tensor in quantum theories is non-trivial because of the presence
of Weyl anomaly . The situation is simplified if we assume that there exists a symmetric tensor T, =
TH —WH[g] = e~ ([@H2PTH" where WH¥[g] characterizes the contribution due to Weyl anomaly which
depends only on the background spacetime and the field content. In that case, though T"" does not
transform homogeneously under the Weyl transformations, one can show that D,T"" = ef(d+2)¢ﬁ,ﬂ~ﬂ’“’
with D,T"" defined as above. This shows that the contributions due to Weyl anomaly can be taken into
account with slight modifications. In what follows, we will ignore such subtleties due to Weyl anomaly - we
will just assume that the energy-momentum tensor is traceless with the presumption that the statements

we make can always be suitably modified once trace anomaly is taken into account.



where (d — 1)p is the energy density of the conformal fluid.!?

The fluid mechanics is completely specified once the expressions of the energy mo-
mentum tensor, the charged currents and the entropy current in terms of the velocity,
temperature and the chemical potentials. The conventional discussion on relativistic hy-
drodynamics(say as given by Landau and Lifshitz [B§]) can be adopted to the case of
conformal fluids with the additional condition that the energy momentum tensor of a
conformal fluid is traceless. The energy-momentum tensor, the charged currents and the

entropy current of the fluid are usually divided into a non-dissipative part and a dissipative

part.
™ = p(g" +d u*u”) + 7t
JI = piut + vt (4.5)
JE = sut + Jgdiss
where we take the visco-elastic stress 7 to be transverse (u,m*” = 0) and traceless

(m#, = 0) and the diffusion current v} to be transverse (uav? = 0). This in turn implies
the following equations

0=—u,D,T" = (d - 1)u>‘DAp + 7o

4.6
0 = DrJ; = uDapi + Daij (4.6)

We can now use the first law of thermodynamics (£.4) to conclude
TDuJG = 7" 0 + 1Dav; + TDyJY o > 0 (4.7)

Now we can write down the most general form of the dissipative currents confining
ourselves to no more than second derivatives in velocity.'? For simplicity, we will consider
here the case when no charges are present - the generalization to the case when there
are conserved charges is straightforward. Hence, a general derivative expansion for the
energy-momentum tensor T#" is given by

T = noT4 g™ + dutu’) + m T 1o

+ 77sz_2 u)"D)\U”V + 13 Td_z[w“)\o)\y + wy)\d)“u]

P
d—1

+ M4 742 O'“)\O')‘V — Uaﬁ0a5:| + 15 742 [w“,\w’\” +
+ 76 ’Td_2C’“a”guo‘uﬁ

where the first line denotes the non-dissipative part(with the conformal equation of state
p = 10T ?) and the rest denote the visco-elastic stress 7. We show in the appendix ([B])

2Note that the additional terms that appear when one converts V to D in (Q) cancel out because of
Gibbs-Duhem Relation 7s = (d —1)p+ p — pip; where (d — 1)p is the energy density of the conformal fluid.

13Given the fact that for a conformal fluid p ~ 7% and the equation of motion u*Dyp ~ 70, we
conclude that wherever a single derivative of 7 occurs, it can be replaced by a term involving two or more
derivatives of the fluid velocity. Hence, for the sake of counting, one derivative of 7 should be counted as
equivalent to two derivatives of u*.



that no more terms appear at this order in the derivative expansion. This derivative ex-

pansion in terms of conformally covariant terms was first analyzed in [Pf] and our discussion

here closely parallels theirs.'4.

5. Entropy current in Conformal hydrodynamics

Now we can write down the expression for the second law by restricting ([L7) to the case
where there are no charges, and then substituting for 7/ from ([.§)

TD,J§ = TDHJg,diss — and_lo”WUW — 7727—d—20w/ uWDyo™
— M Td_20'/u/0'u)\0'>\u =5 /]'d—20,w/wu>\w)\u (51)

— 16 Td_20‘“’CW,,guauﬁ

Now we invoke two identities(see appendix [A] for the proofs)

vV (0%
o"w,  way =

Wt W, D,
A[ Mt ] (5.2)

1 " T3

20" 0, + W, uu(g“A + FHA) 3D,wN
J“VCHa,jguauﬁ = 0"0,%00 + D) [ 1 ) + 20 —3)
to write

TD,JE = —mT oo, — (n+n6) T 20,0t 3™ + TDuJE yies
~T972D, [(2072 ) oMoy + (15 + 1) w“””””) ”

(5.3)

4

6 uu(G" + FM) (15 +306) .y
D,
+ d—2 2d—3) "

We now want to propose an expression for the dissipative entropy flux such that the
total entropy obeys the second law of thermodynamics. In this paper, we give a specific
proposal for this entropy current which is consistent with the second law.'® Taking the
dissipative entropy flux as

4
n67 %3 u, (GM + F) | (05 + 3ne) T3
d—2 5(d — 3)

JA (2(772 +n6)T43 oMoy, + (05 +ne) 7473 w‘“’wuu> »
S,diss
(5.4)

+ Duw)\u

HRefer section E to see how our notation is related to that of [] and [E]

5Note that, the second law alone does not determine the entropy flux uniquely - for example, an additional
term with positive divergence can always be added to the dissipative entropy flux without violating the
second law. Given this fact, it is important to emphasize that what is being proposed here is just one
possible definition of the entropy current. See section E for a discussion of this issue.

— 10 —



and keeping only terms with three derivatives or less of velocity'6

TDng = _and_lo'/WO-;w - (774 + 776) Td_20-;w0u>\0')\u
_ + 76 N4+ N6 (5.5)
— Td 1 iz M4 W AU «a
m o™ + —2771,2- 0" \O O + 72?71,2. Ou Oav
from which we conclude that
m<0 (5.6)

along with a dissipative current of the form given in equation(p.4) is sufficient to ensure
that the conformal fluid obeys the second law!'”

_ + +
TD,J4 = T4 [U’W + —”;m 7”6 a“mAV] {a,w + —”;m 7”6 a,ﬂaa,,] >0 (5.7)

Hence for a general energy-momentum tensor of the form

™ = p(g"" + dutu”) — 2n [J’“’ — Tr WDyoM + Tw(w”AaA” + w”,\a)‘“)}

PH
Av o o
+& [a“)\a —7-1° ﬁaag} —&c Cpavpu u’ (5.8)
A m
+ & [w’ﬁw v+ . 1wa6wag:|
where we have defined
p=nT? —2p=mT, 2 = T2 (5.9)

—21, =3 T2 & =T, o= T2, & =0T

the proposed expression for the entropy current is

JS’\ = sut + Jé’\,diss (5.10)
—(s— 2(50 - 2777_#) O'MVO-;U/ + (fc - gw) wijuu u)\
N 4T
fom (@ F) B -8) o
(d—2)T 2(d —3)T "

with 7D,J§ = 2n |:O"W + %U“AU’\V} [UW + %Uuaaau} >0

These expressions completely determine the dynamics of a conformal fluid up to second
derivatives in the derivative expansion. We now proceed to apply the above formalism to

the constitutive relations of N' =4 SYM fluid derived recently using AdS/CFT correspon-
dence.

16Since we are working with the divergence of quantities accurate up to second derivatives of velocity,
consistency demands that we keep terms involving three derivatives or less. Further, as before, we use the
equations of motion to replace a derivative of 7 by a term involving two or more derivatives of the fluid
velocity.

1" This section has greatly benefited from my discussions with Shiraz Minwalla regarding the validity of
second law for the entropy flux proposed above. I would also like to thank Veronica Hubeny, Giuseppe
Policastro, Mukund Rangamani, Dam Thonh Son and Misha Stephanov for commenting on an earlier
version of this section.

— 11 —



6. N =4 SYM fluid: energy-momentum and entropy current

A prominent example of a conformal fluid in four dimensions is the fluid made out of the
matter content in N = 4 supersymmetric Yang-Mills theory. The flat spacetime stress
tensor for the four dimensional conformal fluids with AdS duals (which in particular in-
cludes N' =4 SYM fluid in the four dimensional Minkowski spacetime) has been calculated
recently via AdS/CFT upto second derivative terms [[]. Independently, in [P], its authors
wrote down the general derivative expansion for a conformal fluid and determined some
of the coefficients occurring in that expansion. In this section, we relate the work done in
above references to the formalism developed here.

The expression for the energy-momentum tensor derived in [f] is

T =p (g"" + 4utu”)

o w (In2) T4 +2 T4 + (2 — In2) [3T8 + T4 + T4 (6.1)
no" +2n
2T
where
N? 4 NZ 3
p=ga@T); n=g37T)
9=V a' = uV ut l, = eagwuo‘wﬁ“/;
ohv — praprl Vatg + Vgua) P Vau®,
2 3 7
g _ M algoy” + N uglgon
. 2 ’ (6.2)
y P |
Ty, = ooy o7 0s;
T8 = Jot”;
p
Ty = ata” — aya’ 7

Vaug + Vau P
T2Mel/ — P“aPVﬁuAV)\ < « 6—; 5 a> o 2 P'BWUAV)\ (Vﬁu—y),
where €123 = —€1?3 = 1 and we are working in flat co-ordinates of the Minkowski space-
time. The above expression can be rewritten in terms of manifestly conformal observables
as follows.
Téual/ _ _wu)\o_)\u _ w”)\a)‘”,
P
Ty = oty — 3 Uﬁaaag
1 uv uv W ppaprf, A v
gTQC + T2d + T2e = P P u V)\O'aﬁ + mgu,} (63)
= P P"PulDyoqg

= UAD)\O"LW
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The stress tensor becomes

™ =p(g" + 4utu”)

— py AT T pnv N E e v v n
27 [a 5T u Do’ + 7T,Z.(w A0 4w \o M) (6.4)
4 i
+ 27_‘_—777 |:O"u>\0)\y -3 Uaﬁo'ag
This expression matches!® with the expression in (F.§) provided we take
N2, N2,
p= 871'62 (nT)* n= 871'62 (nT)” (6.5)
2—1In2 In2 4n
Tr = ol Tw—mv gU—SC—ﬁv &, =0.

where we have also included the value of the curvature coupling £~ which was calculated
by the authors of [g.

Now, we proceed to compare the results of [f] to the results derived here. Translated
into notations of this paper!® their expression (See eq. (3.11) of [J]) reads

T = — 2ot + 27 uDrot — K [P“)‘P”URM + (d— 2)P“>‘P”0R)\Mﬁu°‘uﬁ

P
d—1

(P Ry, + (d — 2)PMRMUﬁuauﬁ)}
(6.6)

pPH
+4)\1 <O’M)\O')‘V— d 10(150'043) +4)\2(w”>\0)"’+w”>\0’\“>
pPH
+ A3 (w")\w)"’ + 7= 1wo‘ﬁwa5>
with
2 4 : 3
_ c . _ c .
p= NG n= Ty
~2—In2 )\_77' o
T o Vo7 MERT

and the parameters Ay 3 were left undetermined in [J]. By inspection, we conclude that the
above expression satisfies?® the conditions we laid down in (f-§).The above expression is

BNote that the calculation in @] was done for flat spacetime and hence the curvature term does not
appear in their derivation.

9Note that the o, of [E] is twice that of ours and their curvature tensors are negative of the curvature
tensors defined in this paper.

20We have invoked the identity (which follows by applying projection operators to the the definition of
Weyl tensor in (E))
2%

d—1

P*PY’ Ryp + (d — 2)P** P*° Ryaopu®u” — (P* Ryo + (d — 2) P Raaopu®u®)

= (d —2)Chavpuu”
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completely consistent with the coefficients we derived above in (f.§). Hence, the second-
order hydrodynamics of N’ =4 SYM fluid is completely summarized by (£.5).

Now, we can use the discussion in our previous section to calculate the entropy current
for N' =4 SYM fluid. Using the equation of state 7s = p d = 4p = 4wn7 for a conformal

fluid and (p.10) we get

(In2)o 0, + w'wy,] u + 2uu(gﬂ)‘ + FHA) + 6D, W
8(nT)?

with 7D, J§ = 2not”o,, > 0. (6.7)

JS’\ = 47 |u? —

This expression gives the the next to leading order corrections to the holographic result
J} = 4mnu? of Kovtun, Son and Starinets [[L5].

Note that our proposal for the entropy current was motivated in an indirect way -
by first finding the holographic energy-momentum tensor and then guessing the entropy
current from it by demanding second law. It would be interesting to do a direct gravity
computation of the entropy current that checks this proposal. See section f for a discussion
on this issue. Further, the rate of entropy production takes a very simple form in the case
of N'=4 SYM fluid - the total entropy production is completely given by a term quadratic
in shear strain rate o,, and there is no contribution at the next order. This fact can be
traced to an interesting fact that &, = £ for N =4 SYM.

We would now like to give a heuristic reason for why we might expect the entropy pro-
duction to take such a simpler form. Notice that the additional contribution to the entropy
production(over and above the standard shear viscosity part) comes from a viscoelastic
stress of the form 7 ~ o#y0*. The rate of energy transfer by such a stress is O™~
oot a0 . If this energy transfer was irreversible, this would contribute to an entropy
production —7° _1JW7T‘“’ which is precisely the term which we arrived at in the last section.

However, the energy transfer by a stress of the form 7 ~ oo is reversible - in particular,
for such a stress, the rate of work done wo reverses sign if we reverse the fluid flow. If
we assume that such a reversible energy transfer cannot contribute to entropy production,
then either such a term can be absorbed into a redefinition of the Jéi diss OF the coefficient of
such a contribution should vanish. The second possibility immediately yields the condition
¢, = &c. This, however is a very heuristic line of reasoning and it would be interesting
to know how far it is valid. In principle, it should be possible to extend the holographic
calculation of {¢ and &, to arbitrary dimensional AdS gravity and check whether the
relation &, = &, continues to hold.

In the next section, we compare and contrast the formalism used in this paper with the
conventional theories of relativistic hydrodynamics. In particular, we would be interested
in comparison with the conventional Israel-Stewart formalism.

7. Israel-Stewart formalism

In this section, we give an extremely brief and non-exhaustive review of the conventional
theories of relativistic hydrodynamics [BY, fi(] and discuss how the work presented in this
paper fits into that framework.
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The first theories of relativistic viscous hydrodynamics are due to Eckart [ff]], Landau
and Lifshitz [B]]. These classical theories which are simple generalizations of their non-
relativistic counterparts, assume a linear constitutive relation between the viscous stress
7 and the strain rate o#”. This linear approximation (called the Newtonian approxima-
tion) is the most familiar model in dissipative hydrodynamics and the fluids which obey
such a relation are called Newtonian fluids.

Such a linear theory, however, leads to parabolic equations for the dissipative fluxes and
predict very large speeds of propagation in situations with steep gradients, in contradic-
tion with relativity and causality. It was noticed by many authors including Grad, Muller,
Israel [i] and Stewart [, B4] that one can easily solve this problem by including terms

2L The most simple

involving higher derivative corrections to the constitutive relations.
extension is to add a non-zero relaxation time in the equation thus converting the problem
into a hyperbolic system of equations.?? The resultant theory is called as causal viscous
hydrodynamics or Extended Irreversible Thermodynamics(EIT) or just Israel-Stewart the-
ory.?3

This approach outlined above differs from the approach adopted here and elsewhere [,
A in the holographic studies of A/ = 4 SYM. In particular, some of the terms appearing in
the general derivative expansion of conformal fluids are absent in the conventional Israel-
Stewart formalism.??

One way of formulating Israel-Stewart theory is to consider dissipative fluxes like vis-
cous stress and heat flow as new thermodynamic variables and treat entropy as a function
of these new variables. In particular, one formulates the dynamics of such fluxes in a way
that is consistent with the second law of thermodynamics. For a conformal fluid with no
conserved charges, the viscoelastic stress in Israel-Stewart theory obeys an equation of the

form?2®

T 4 Dy = —2 1 o + Tw(w“,\w)‘” + w”VTA“) (7.1)

so that one can prove a version of the second law

nz
J) = <s - 4:}—”7_77“”71#,,) u DyJ} = % >0 (7.2)

2'Many authors including Geroch [@] have argued that the large speeds of propagation might not be a
problem if the gradients required to produce them are so steep that they are beyond the domain of validity
of hydrodynamics (We remind the reader that the hydrodynamics ceases to be valid if the ratio of mean
free path to the length scale at consideration (i.e., the Knudsen number) is larger than one). But, this
argument might not apply to all fluids - see [@, @] for further discussion of this issue.

221f one is interested in rotational flows, one can further add other terms involving vorticity w,, and cross
terms involving other hydrodynamic variables.

25 Note that, there are other alternative solutions to the problem of causality in Newtonian hydrodynamics.
One such class of models termed divergence type theories were discussed by Geroch and Lindblom [@] and
under quite general conditions, these class of theories exhibit finite speeds of propagation [@]

Z4Further, the authors of the reference [ﬂ] argue that some of these terms would be absent even in a
systematic derivation of Israel-Stewart formalism from Relativistic Kinetic theory via moment closures.

Z5Note that often in the literature, 7., is taken to be equal to 7. We refrain from making such an
identification here in order to facilitate easy comparison.
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There is now a wide literature devoted to the analysis of the equations above and this
formalism has been recently applied to the phenomenology of heavy-ion collisions.?®
We can take the above equations and eliminate 7#” in favor of o#¥. We get the following

expression which is exact up to second derivatives
T = -2n [0’“” — T Dyt + Ty (W o + w”,\a’\“)] (7.3)

Comparing the equations so obtained with the equation(p.§) , it is clear that an Israel-
Stewart conformal fluid is a fluid with &,, £ and &, set to zero. Using the above expression,
following the method employed in section f|, we can define an entropy current associated
with this fluid obeying the second law.2”

However, as the previous sections make it clear, the Israel-Stewart conformal fluids
form only a subset of conformal fluids. And more importantly, N' = 4 SYM fluid lies
outside the subset since it has £, = £ # 0 . N =4 SYM fluid has a shear-shear coupling
(and a coupling to the Weyl curvature) which is absent in the conventional Israel Stewart
formalism. Hence, the approach developed in the study of N' = 4 SYM fluid should be
looked upon as a generalization of the Israel Stewart formalism and the entropy current in
the equation(p.10) should be treated as a generalization of the Israel-Stewart expression in
the equation([7.d).

The main difference between the two formalisms lies in the way the viscoelastic stress
is treated. As far as the contribution of the viscoelastic stress to the entropy current is
concerned, Israel-Stewart formalism takes an extended thermodynamic point of view by
assuming that all sources of viscoelastic stress contribute equally to the entropy current,
whereas the entropy current proposed in this paper treats different sources of visco-elastic
stress differently. Rather than assuming that the entropy density is solely a function of
¥ | the entropy current is allowed to be a general function of the fluid velocity and its
derivatives. Note that, despite going out of Israel Stewart formalism, we have succeeded
in defining an entropy current which is consistent with the second law.?®

8. Discussion and conclusion

The holographic study of N' = 4 SYM has already given us an interesting constitutive
relation parametrised by (B.5). In this paper, an expression for the entropy current that
is consistent with this constitutive relation has been proposed via the simple requirement
that the fluid in question should obey second law of thermodynamics. This gives a very
specific expression for the entropy current of A/ = 4 SYM fluid. However, as has been
mentioned before, demanding second law is often not sufficient to completely determine
the entropy flux. A term with positive divergence can always be added to the entropy

26 A non-exhaustive list of references include [@7@]

?"Note however that the Jédiss so obtained is the negative of what would be naively expected from
equation@). This apparent discrepancy can be traced to the ambiguity in the definition of JSA,diss'

28The author thanks Shiraz Minwalla for pointing out this distinction and for discussions about related
issues.
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flux without violating second law. Given this fact, it is extremely important to have an
independent holographic computation to check whether this proposal is indeed correct.

We would like to remind the reader of an observation we made earlier - the rate of
entropy production took a simpler form in the case of N' = 4 SYM fluid. This is due to
an interesting relation &, = £ which holds for N = 4 SYM fluid. It would be interesting
to see whether this relation is an universal relation for conformal fluids with holographic
duals in arbitrary dimensions.?’ Further, it would be interesting to generalize the analysis
of this paper to charged conformal fluids and find the corresponding entropy current.

We would like to note that indirectly, the expression given in this paper is also a
proposal for an entropy current associated with the metric that is dual to the given fluid
mechanical configuration. As of now, we do not have a very good prescription to calculate
the entropy of such a metric configuration. This situation should be contrasted with
the situation in the case of stationary black holes where the Bekenstein-Hawking entropy
or more generally Wald entropy is believed to give a reliable prescription for calculating
their entropy. Now that we have a specific proposal for the entropy current of a given
metric configuration, a direct geometrical derivation of this entropy current would be a
very interesting result.

In particular, the covariant formalism for conformal fluids that has been developed in
this paper seems to be a natural setting in which the entropy current takes a simple form.
Perhaps there exists a bulk interpretation of this formalism that provides the proper setting
to look at the relation between the entropy and geometry. Given that the generalized second
law in gravity is closely associated with the area increase theorem, it would be exciting
to see how the area increase theorem in the bulk corresponds to the second law in the
boundary. A detailed study of these issues may yield new insights regarding the relation
between field theory and gravity.

On the other hand, in the gauge theory side, it would be interesting to compare the
constitutive relation of the N/ = 4 SYM with that of the actual quark gluon plasma
observed in RHIC. In particular, it would be interesting to work out the effect of the
new viscoelastic terms on the various observables of interest in heavy ion collisions like
the elliptic flowfootnoteHowever, assuming that the second order effects are suppressed
relative to the leading behaviour in the heavy ion collisions, it might be very difficult to
extract any experimental signature of the viscoelastic behaviour. I would like to thank
Paul Romatschke for pointing this out. The expression for the entropy current proposed
here has an interesting structure which couples shear strain rate, expansion, acceleration
and vorticity in a complicated way. A more thorough study of this expression might yield
some insight on the entropy production and transport processes that happen at RHIC. It
would be interesting to look at how the analysis in [f7], for example, would be changed, if

we use the expression for the entropy current derived in this paper.3°

2The author would like to thank Dam Thanh Son for suggesting this possibility.

30Further, the expression here could be used, for example, to calculate and check the rate of entropy
production in the numerical simulations of heavy-ion collisions (see [@, E] for some recent examples). The
author wishes to thank Paul Romatschke for suggesting this possibility.
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A. Some useful identities

In this appendix, we prove some identities that were used in the main body of this paper.
In particular, we want to sketch the proof of the equations quoted in equation(f.9).
First, we use the definition of RWVA in terms of the commutator to write

U (Rpen x4 Fuatty) = —u®[Dyy, Daluy, (A1)
= —D,(u*Douy) + (Dyu®)(Dawy) + u*Deo(Dyuy)
= 0,00y + 0, War — 0, Wap + Wy “War + U Do (0 + W)

Next, we multiply the expression above with ¢#” and w*” respectively, and simplify

the resulting expressions using the curvature identities in section g to get
JWCHa,jguo‘uﬁ — oS =00, 00 + 0w, Y way + " uDyoyy
1 [ S, P v B0, 9D (A2)
Ew pr = —20y Waw T+ w U Dawyy

The next step is to derive another identity which directly follows from the reduced
Bianchi identity (See (B.G) )

[0 7)) _ (Duy)0” 17
X _

d—2 d—2
_ (Daw)(G* + §F — SR
a o d N 2 (A.3)
oau (G + SFH 1
— M( . 22 ) _ 5&))\ufu)\

1
= 0" S + P

where we have used the fact that G* + %l}"’”‘ is a symmetric tensor.
We will need one more identity to finish the proof.

D,wH 1
Dy || = Dy, Dy JwH”
N|:d_3:| 2(d—3)[ 23] ]w

3Fuww + Ry 1
N 2(d—3) = gfme
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Using the above identities, it is now straightforward to get the equations quoted

in (5.9).

" w,*way = Dy [

(A.5)

wMVw“V u}\ + DVWAV

4 2(d — 3)
20" 0 + W W uu(g“A + FHA) N 3D, w
4 d—2 2(d — 3)

U”"Cua,,guauﬁ =00, + Dy [

B. Conformal energy-momentum tensor

In this appendix, we list all the terms that can appear in the energy-momentum tensor of
a conformal fluid and show that only a few of them are linearly independent.

In order to write down the most general derivative expansion of the viscoelastic stress
7 we list below all the Weyl- covariant second- rank tensors which are symmetric, trans-
verse and traceless.

o uMDyo | [w“AaA” + w”AJ)‘“],

M v
v pr

d—1

phrv
J“ﬁaaﬁ} : [w“AwA”Jr y 1waﬁ Waﬁ}

ot\o

d P
Cluowpuu”, [P“APW (RAU+§.¢A0> — PA“RM}

[ UA DrO «a, B 1 prv Ao a, B
PP R)\aggu u- — 5./,7)\0— - ﬁp 'R)\aggu u

Note that, the different terms appearing above are not all independent .
To show that we take the relation

—u®[Dy, Do|uy, = —u*DyDauy, + uDyDyuy, = (Dyu®)(Dotiy) + uDo(Dyuy)

and project out out the symmetric traceless transverse part to get
P
d—1
Ao prr

d—1

1
[PMPW <’R)\a05uauﬁ - 5&,) - Pkanmﬁu%ﬁ} (B.2)
v

d—1

= [a“,\a ao‘ﬁaag] + [w”Aw’\”+ wo‘ﬁwag + u Dyt

Further, if we denote by the subscript 7T the transverse traceless part, then we have
using (B.9)
[Ryo + (d — 2)72,\a05uau5]TT = [Ry, + (d — 2)R,\Mgu°‘uﬁ]TT =(d—- 2)C’>\a05u0‘u5
Hence, the independent terms that occur in a derivative expansion are
o W Dyot [w”xa)‘” +w”,\a>‘“],

P

Av pr af W Av af
— o "0a8|, wHw +d_1w Wag |,

d—1

ot\o
C’W,,guo‘uﬁ

and so we obtain the derivative expansion in ([.§).
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Symbol | Definition Symbol | Definition
d | dimensions of spacetime p | Pressure
s | Proper entropy density pi | Proper charge density
7T | Fluid temperature 1; | Chemical potentials of the fluid
vi | i) T 7| Shear viscosity measured at
T, | Stress relaxation time (f.§) zero shear and vorticity (f.§)
7., | Shear vorticity coupling (f.§) &, | Shear- shear coupling (f.§)
¢c | Weyl Curvature coupling (b.§) &, | Vorticity vorticity coupling (5.8)
TH | Energy-momentum tensor Jg‘ Entropy current
J!"| Charge currents ut | Fluid velocity (ufu, = —1)
9w | Spacetime metric P* | Projection tensor, g + utu”
a* | Fluid acceleration (R.4) ¢ | Fluid expansion (B.4)
0, | Shear strain rate(R.6) wy, | Fluid vorticity (2.9)
T | Visco-elastic stress ([L.5) v!' | Charge diffusion currents (f.5)
n; | Coefficients in no|p/T?
derivative expansion([L.9) m | —2n/T%1
n2 | 207 /T2 < 0 to satisfy second law (p.9)
ns | —2n7, /T4 | &o /T2
15 | &u/T42 n6 | -Ec /T2
D,, | Weyl-covariant derivative (R.3) A, | See (B4)
V. | Lorentz-covariant derivative (B.3) FW)‘ Christoffel connection
R,,\? | Riemann Curvature (B.2) R, | See (B)), (B3) and (B.7)
Fuw | VA, =V, A,
R, R|Ricci tensor /scalar Ry, R | See (B4
G | Einstein tensor Guv | See (B.4)
S, | Schouten tensor (B.1() Curos | Weyl Curvature (B.§),(B.11])
S/u/ C,uu)\o

Table 1: A Summary of notations employed in this paper — the relevant equations are denoted
by their respective equation numbers appearing inside parentheses.

C. Notation

We work in the (— + +...) signature. p,v denote space-time indices, i,7 = 1...k label
the k different conserved charges. The dimensions of the spacetime in which the conformal

fluid lives is denoted by d .In the context of AdS/CFT, the dual AdSy;; space has d + 1
spacetime dimensions. We use square brackets to denote antisymmetrisation. For example,

Bl = Buw — By
Our conventions for Christoffel symbols and the curvature tensors are fixed by the
relations

vV.VY=0,V" + FMVVA and Vs V,,]V)‘ = RWU)\VU' (C.1)

See the table above for a summary of other notations employed in this paper.
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